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Chap 2 Spatial Description and Transformations
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Degree of freedom

o Z B #H¥% 3DOFs -~ ## 3 DOFs

£ 7 displacement/orientation ~ velocity - acceleration &
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“column vector”
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o A vector (i.e., displacement, frame basis)

{B}: Xz, Vg, Z5 represented in {4}: X,,Y,, 2,4

o A position in space (i.e., position vector)

Py org = origin of {B} represented in {A}

al

o An order set of three numbers

* #& ¥ . Rotation Matrix -1
!

| | |
Ap _ | A Av | A
sR=1“Xpg Yp A
i | | | Reh= & columns= % frame {B}
B relative qhbasis: Xp, Ve, Z d A1
on “column vector”  or 4B TB 4B (4 Ak
o Zy B}
o ko T fa 2R 7
=|XpYa Yp-Yu Zp-Y4
XpZy Yg-Zy Zp-Z,
“direct cosines”
_ By T T X
Xa | | | B
=|- By, —|=["Xa Ya TZu| = aR"
A T
— BZA _ | | |




* #& # . Rotation Matrix -2
|

Moreover
T
| | I | | |
éRTéR: AXB A?B AZB AXB A?B AZB
| IT | | | |
- Ao _
- Xp o [ | | I
P T A AN A
=|- 4% —||Xs s “Zp
A/\ T
ot L
= I
- 3x3 identity matrix
_ Ap-1A4
= LR'4R

ApT— Ap—1-B
= gR"= 3R =R

* #& # . Rotation Matrix -3
!

v Ppoint# &2 | ki

orig coordinate *P = "P.Xp + "B,V + "P,Zp

new coordinate “P = “P.X, + “B,Y, + “P,Z,
Where APX = BP'XA =XB ')?ABPx‘I'?B 'XABPy‘I'ZAB ')?ABPZ
APy= BP'?A=XB'?ABPx+?B‘?ABPy+ZB'?ABPZ

APZ= BP'ZA=)?B'ZAABPx+?B'ZABPy+ZB'ZABPZ

P \[8s- %4 Ts-Ra Zp-X4)|°
ﬁAP= Py = XB.YA YB.?A ZAB'?A
PZ )’(\B‘ZAA YB.ZAA ZB.ZA
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* Rotation Matrix3 {4+

|
o An orthogonal matrix AAT =1

+ Always invertible A1 = AT
+ Columns: orthonormal basis

o Length =1

o Mutually perpendicular
e R7 9 #icx » w73 @ik ¥ »6Bconstraints » *712R¥ 57 31

DOFs » # % [ ¢ fit % 4 3 DOFsip i

+ Determinant =1 (rotation); =-1 (mirror)

* Special Rotation Matrices -1
1

a About X, with 8

bR

o 0

R)?A(Q) =10 cosO —sinB A 2
A 0 sinfd cosH Zp A
%@% A

1 0 O Yy

=10 c6 -—s6
0 s6 O g\ o
2
X,




* Special Rotation Matrices -2
i

a About ¥, with 6

cos@ 0 sin6
R?A(9)= 0 1 0 R
—sind 0 cos6 7, 4
f
c6 0 s6 o ;s
=10 1 0 f— o
—s6 0 c6b \ﬁ A
Xa
X
9_~L
* Special Rotation Matrices -3
|
a About Z, with 6
cos@ —sinf O
Rz,(0) =|sin® cos® 0
0 0 1 7
Zy
cd —s6 0 1
=|s60 c6 0 &j A
0 0 1 Yp
AYA
4
X ~
A 2,




* Mapping -1
|

o Changing descriptions from frame to frame

o Frame description

{B} = {gR» APB org}

o Translation only

P = PP+ Pg oy
o Rotation only

Ap = 4R Bp
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* Mapping -2
1

o General

AP =4AR°P + “Pg oy

AP ] [.--_______a_x_a__,.__A_P_l?ez:g;_x_l] [BP ]
1 00 0|

AP' AT homogeneous BP’
transformation

Advantage:
“sequential transformation”
Ex: 4T = 4T STRT
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V3
3 10 ~ > ~ 2 X 0
fp = 7] APBorg:[5 AXB: 1 AYB: V3 AZB: 0]
0 0 2 2 1
0 Lo
L[t .
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Plll1 3 7
| T2 7 9 5o
| 1 0 0 1 O 1]
L0 0 0 1
Vs B (F H 4 gT:
i point 7 e 7 Z{B} Ap ¥t
e frame™ g4 iF S {A} e
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* Operators -1
1
0 wiEmappingfR FE L 2 TR B
e — frame™ # & fri & i 1
o Translational operator
o Pointiz= # = framef s #
1A
A A A A I 0 4
P,="P 1+ 7Q=D(Q)"Py=|--------- e I
0 0 0: 1

o Rotational operator

o Pointif pF 44 = frame g pr 4+ 4
A A
P, = Rg(0) °P,

cos30° —sin30° 0
o Ex. $+2#30° Rz(30)=|sin30° cos30° 0
0 0 1

P




* Operators -2
1

o Transformation operator

in {A}

-5

‘ Example
1

3 10
point P, = |7| CCW# 30", %%ﬁél 5]
0 0
/3 ) o
- —5 01013y r909g7
2 2 : : Frame g i+ =
P2’ _ TP1/ | \/§ E 7 _ 12.562 - frpointéﬁ
5 5 050 0 1T An £
0 0 1io|td b1
0 0 O ! 1 (3,7’0)




* Interpretations-| %
|
o Transformation matrix:h= fa * ;2

R

o $5it— Bframe(dp 4>t ¥ — B frame) sk fi

_ 1 -
N
|
)

L0 0 0 1
o #pointd % - Bframer % iEmappingi] ¥ - Bframe® # &
AP — AT BP
+ #-point(vector) & — BFframe® i& {7operation (ex: # & & # ¥ )
in {A}
4p, =T 4P,

P

‘ Transformation Arithmetic -1
!

o Compound transformation

Ap = 4T PP = 4T(8T “P)=4T2T “P=¢T °P

AT=4TBT = . B¢ _, BT __Corg T __Bor




* Transformation Arithmetic -2
|

o Inverting a transformation

g 00 0! 1
B ' B
Ar-1 _ B aR 1 " Pyor ]
T =5T = |4 __.___4207 g
B A 0 1
gR — ART
B
0= (APBorg) = ﬁR APBorg
= BPAorg = ﬁR APBorg =
aT-1 = léRTﬁRMPBOW
0O 0 0 1
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* Transformation Arithmetic -3
!

o General

pT=4T 5T

1 = 8rBTsT

{C}
{B}

{U}

if ST unknown
= Br-trrgr
if 2T unknown

= gT 1T T 5T

-8




* Transformation Arithmetic -4
|

o Compound transformation
« Initial condition: {A} and {B} coincide éT =1,.,

+ {B} rotates about the principal axes of {4} -> Use “premultiply”

Rotating frame Reference frame

rioperatork 8 o #E - B £ 0 Tk - BARAE ) & FEE S B Gk T
Ex: {B}i& B 58T, ~ T, ~ T3 = =< transformation
AT = T3T,Ty1 v =4Tv = T3T,T v

+ {B} rotates about the principal axes of {B} -> Use “postmultiply”

kS

mappingk £ % - B £ 0 KAk is- Bframe T s A B H | v & - Bframe

Ex: {B}i& B (58T, ~ T, ~ T3 = = transformation

AT = IT T, T,
21 |

* More on Representation of Orientation

|
o Cayley’s formula for orthonormal matrices

R = ([3 — S)_l (]3 + S) S: skew symmetric matrix —S = ST
~ETLANESY , FE=ARBES | B 0 =S, S
AJ & & rotation matrix# 73 5% S=|S5z 0 =5
£ 852 % f8fixed/Euler anglest , ATLAAE— =Sy Sy 0
T, EZEZ28 , WELERRMTE?

o Rotation#.3 DOFs » NOT commutable

o - “&rotation matrix#t 4 i£ rotation(orientation) » & & 3+ {2
SRES T T I S
+ Fixed angles

+ Euler angles
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X-Y-Z Fixed Angles -1

éRXYZ(y: B,a) = Rz(a)Ry(B)Rx(y)

ca —sa O
=|sa ca 0

L 0 0 1

cacP

| —sp

casfsy — sacy
sacf sasfsy + cacy sasfcy — casy
cfsy

c6 0 spIf1 O 0
0 1 0 lO cy —sy]
—sf 0 cB|L0 sy cy

casfcy + sasy

cfBcy

-5

™ X-Y-Z Fixed Angles -2
!

11 Ti2 rlgl lcacﬁ casfsy — sacy casPcy + sasy

éRXYZ(V'ﬁ;a)= [7”21 T2 T23
31 T32 133

If B + 90°

sacf sasfsy + cacy sasPcy —casy

—sB

cfsy cfcy

p = AtanZ(—rgl,\/rllz + 1512)

a = Atan2(ry1/cB,r11/cB)

y = Atan2(rsy/cB,r33/cp)
If g = 90°

a=0°

y = Atan2(ry5,755)

—90° < <90°
Single solution

If 3 = —90°
a = 0°

y = —Atan2(ry,,75,)
24 ‘




™8 Z.v-X Euler Angles -1

ARy (@, B,Y) = SR ZRPER = Ry (a)Ry (B)Rx(¥)
cae. —sa 01l cf 0 spli1 O 0
=|sa ca O 0 1 0|0 cy -—sy
0 0 1U|—=sp 0 cB|L0 sy cy

= ARXYZ ()/, ﬁ, 0() “Inverse” is identical to that of
the X-Y-Z Fixed angle

25

™ Z.v-ZEuler angles -1
!

Zy
A

T » [

Xa

gRZ’Y'Z’(a' B,v) = Rz(a)Ry(B)Rz(y)
cacfcy —sasy —cacfsy —sacy casf
= |sacfcy + casy —sacfsy + cacy sasf
—spcy spsy cp




™8 Z.v-ZEuler angles
!

1 T2 T3 cacfcy — sasy —cacfisy —sacy casf
AR,y (e, B,y) = [7’21 T2 7‘23] = |sacfcy + casy —sacfsy + cacy sasf
31 T32 133 —sfcy sPsy cf

If g + 0°
p = AtanZ(\/r312 + 1352,733)

a = Atan2(ry3/sB,113/S0)
y = Atan2(rsz/sB, —131/sB)

If g = 0° If 3 = 180°
a=0° a = 0°
y = Atan2(—11,,711) y = Atan2(ry3, —711)
27 ‘

* Angle-set Conventions
|
o 12 Fixed angle sets

o 12 Euler angle sets

o Duality: total 12 unique parametrizations of a rotation

matrix by using successive rotations about principal axes




* Equivalent Angle-axis Representation -1
|

- k
kg o
& unit vector 0
o Rodrigues' rotation formula
v ERS3

Urot = D cos 0 + (k x ©)sind + k(k - v)(1 — cos0)

a Further, 0 _kz ky
representing kasK=|k, 0 —k,|=kx
—ky, ke O
... after derivation “cross product matrix”

m) R =1+ (sinf)K+ (1 — cosf)K?

-8

* Equivalent Angle-axis Representation -2
1

o Thus

[ kykxv0 +cO  kykyv0 —k,;s0 ki k,v0 + k,s6
R (0) = |kxkyv0 + k,s0  kykyv0 +cO0  kyk,v0 — kys6
kxk,v0 — kysO  kyk,v0 + ky,s6  k,k,v0 + c6
711 T12 T3 A\ve =1— cosO

=|T21 T22 723

131 T32 133

0°< 6 <180
P E
Rz (0) & R_3(—6)

then 6 = cos™! (rll+r22+r33_1)
2

1 [M32 7 723
k = i3 — 131

2sinf
21 — T2

-8




* Euler Parameters / Quaternion
!

o Similar to angle axis representation

, .6 .0 )
define €; = kxsmg €, = kySlTlE €3 = kzsmz

6
€4 = COS

note €2 +e2+e€3+€2=1 4ESBERMGEE  FERESDOFs

quaternion

q= €4+ € l+e,j+e3k

6 . . 0, . . &~
=cos + Slnz(kxl + kyj + k k)

Blquaternion s R FRIEN IEE BB HRNRIES
I , HHE A Rotation MatrixB XX R% , §E

Ry E 2 A L LR AERERER A,
31 ‘

* Euler Parameters / Quaternion
!

1—2e5 —2€5 2(€16; — €3€6,) 2(€1€3 + €2€4)
R.(0) = |2(e165 + €364) 1 —2€2 —2€%  2(ey63 — €164)
2(€163 — €5€4) 2(€365 + €1€6,) 1 — 2€? — 262

“inverse”

e = I3 — 123
de,

€, = r13 — 131
4e,

€; = 21 — T2
4e,

1
E4=§\/1+T11+7’22+7‘33




o Questions?
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