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Chap 9 Stability in the Frequency Domain

I
YAt N 4
W1 28 X

* Introduction
!

o Roodmap

+ Chapter 6 : Routh-Hurwitz Criterion
Check stability of the system by examining A(s)
Introduce idea of relation stability
+ Chapter 7 : Root Locus
Investigate loci of the system poles as the system parameter
changes
+ Chapter 8 : Polar plot & Bode plot
Introduce frequency response of the system
+ This Chapter :

Investigate stability of the system in the frequency domain

o




* Mapping Contours in the s-plane
|

o Real-number functions
x f(x) €R Ex: f(x) =x3 [

fx):x = fx)

> x —H— S )
01 8

012
o Contour map

+ A contour or trajectory in one plane mapped or translated into

another plane by a relation F(s)
F(s):s = F(s)
Lo

o+jw u+jv

o

* Mapping Contours in the s-plane
1

o Example: F(s) =2s+1

u+jv=F(Gs)=2s+1=2(c+jw) +1
/ T = R2c+1)+jRw)

scaling shifting

s-plane Jv F(s)-plane o
o+ jw=rel? u+jv =le

N=Z-P=1-0=1

P




* Mapping Contours in the s-plane
|

o F(s):s — F(s), aconformal map, which retains

the angles of the s-plane contour on the F(s)

plane

o By convention, the area within a contour to the

right of the traversal of the contour is considered

to be the area enclosed by the contour

Clockwise : “+7

* Mapping Contours in the s-plane
1

S
o Example: F(s) =
() s+2
1+1 1 1-j1 —-j1 -1-j1 -1 -1+4+j1 —j1
4+ 2j 1 4 —2j 1-2j » » 142
10 3 10 5 J c
. .
N s-plane ] F(s)-plane
anak A
PaS O o kk | U
B
- B
¢ C
N=z-P=1-0=1

o




* Cauchy’s Theorem -1
|
o Suppose : F(s) = c.l. characteristic equ.

question : How to judge the stability of the closed-loop
system given the open-loop transfer function
L(s) ?
A(s) =F(s) =1+ L(s)

answer : Cauchy’s Theorem & Nyquist Criterion

Note : in Chapter 7 R —
A(s) =1+ KG(s) =1+ F(s)

o

Cauchy’s Theorem -2

o T

If a contour I in the s-plane

(1) encircles Z zeros and P poles of F(s),

(2) does not pass through any poles or zeros of F(s), and
(3) the traversal is in the clockwise direction along the
contour,

the corresponding contour I’z in the F(s)-plane encircles the

origin of the F(s)-plane N = Z — P times in the clockwise

direction :
- : = e ®) 8 ‘




* Cauchy’s Theorem -3
1

(s+2z)(s+2z)
(s+p)(s+p) &

v
3
5y
oy
Iy contour
T, contour
&, LA Py

1 - i =i

: i \J

_H\I.IJ.

s-plane * ~ F(s)-plane
(4(s+2z1) +24(s+23) — £(s+p1) — £(s +Dp2))

o Example: F(s) =

F(s) = |F(s)|£F(s)
s+ zylls + 23]
s + p1lls + pal

= |F(S)|(4¢21 + 4(/522 - 4¢p1 - 4¢p2)

As s traverses the contour I’; (a full rotation)
Gz, Gp, Pp,: et angle change = 0
bz, net angle change = 360°

If F(s) has Z zeros and P poles, ¢, = 2n(Z) ¢, = 2m(P)
br =z — Pp

= N=Z-P ‘
9 h

* Cauchy’s Theorem -4
1

o Examples: F(s)-plane

ey
S

N=Z-P=0—-1=-1 Iy
ccw (i\

P
Lt

N=Z-P=3-1=2

@]




:

Nyquist Criterion -1

Q

Logic
_ N(s).
L(s) = sy Loop T.F., known
T(s) = 36 Closed-loop T.F.
‘/ kT (s + 59) N(s) _D(s)+N(s)
A(s) = F(s) = =37 =1+L(s) =1+ =
k=1(5 + 51) D(s) D(s)
poles of F(s) = poles of L(s) = roots of D(s) known

zeros of F(s) = poles of T(s) =roots of D(s) + N(s) unknown

Determining stability of the system

.8

y

Nyquist Criterion -2

A stable c.l. system = all “poles” of T(s) in LHP
= all “zeros” of F(s) in LHP

|

Choose a contour I encloses the entire RHP in s -plane

|

Cauchy’s Theorem Z=N+P

knowing N by I’s encirclement of (0,0) in F(s)-plane
or I;’s encirclement of (-1,0) in L(s)-plane
knowing P by L(s) its poles

F(s) =1+ L(s)

= Know 7 zeros of F(s) in RHP

= Know Z poles of T(s) in RHP ‘
12 !




* Nyquist Criterion -3
|
o A feedback system is stable if and only if the

contour I} in the L(s)-plane does NOT encircle the

(-1,0) point when the number of poles of L(s) in

the right-hand s-plane is zero (P = 0)
Z=N+P=04+0=0

o A feedback control system is stable if and only if,
for the contour I, the number of counterclockwise
encirclement of the (-1,0) point is equal to the

number of poles of L(s) with positive real parts

Z=N+P=0
13

* Example 1 -1
1

K

a L(s) =GH(s) = ey — K>0 R T G .Y
1 . H

Assumet; =1 7, = — jo
Dw=0 > w=+40 (1)x ra
GH(j) = GH() | _ 3) Iy(Z)
10K (10 — w?) ~10K (11w)

= 10— 02?2~ (11e2)? /A0 Zwd)? = (1107)2

Cross Im-axis at Im|,,_ 75 = 0.287K when w = V10

1 11w
= = —t -1
IGH] 10K\/(10 o i dienE P TR G2

“4 quadrants”
14 W




* Example 1 -2
|

w 0 1 V10 10 100 00
|GH | 100 70.7 28.74 6.8 0.1 0
¢ 0 -50.7 -90 -129.3 -173.7 -180

P.S. The “polar plot” in Chapter 8

RQw=40 - @w=-—x

o = it ; {¢=90° — —9(° cW)

T — OO

e_j2¢

= lim
s=rel]® r-ow®

L(s) = 1e/? = lim GH(s)
T—00

T To1?
6 =—180° > +180° ccw )
[-0
P. S. = 0 when the denominator has higher order than the numerator ‘

15

* Example 1 -3
1

Bw=—-0 - w=0

L(s): GH(s)

= GH(—jw) = complex conjugate of GH(jw)
s=—jw
w=+0 - =07

mirrored of (1) w.r.t. Re — axis
E> and change arrow direction

Th
us, . splane L(s) plane
jw -

r — (3)

(1)
X X o i - (2)

Z=N+P=04+0=0 stable, K dosen't matter ‘

16




* Example 2 -1
|

0 L(s)=GH(s)=S(TS+1) K>0, >0

pole at origin — I needs detour

MNMw=0 > w=0"

g = reld . 1®=790° 590° ccw 5
r=e—-0

. K K .
= ]0 — =~ i T =i —_— _]d)
L(s) =le ll_r)r(l) GH(s) = lim (eef‘»'b) lim ( ) e

-0 e—-»0 \ €

{0 = 90° = —90° cw )

| - o0

P.S. an infinite half circle

Pl

* Example 2 -2
1

2w =0" » w=+w
The same as the “polar plot” example shown in Chap. 8

_ K K —Kw?t —jwK
GH(jw) = —— = — =
jo(jut+1) —w?t+jo w*t?+w? w*t?+ w?

+w — oo: symmetry w.r.t. Re-axis

R X G ¢
w=0 —Kr1 — 0 w=0 ® —90°
1 Kt Kt 1 Kt -135°
w == - - W=z WG
2 2 2 2 W2
W = © 0 0 w = © 0 180°
|GH| = - “4 quadrants”




* Example 2 -3
|

S:rej¢: {¢=90 - =90 CW)
r — 00
L(s) = lef® = lim GH(s)| = lim |—|e/2¢
r—o s=rel®  roow|Tr

0 =—180° - +180° ccw D
-0

4)w=—-00 - w=0"

L(s): GH(s)

= GH(—jw) = complex conjugate of GH(jw)
s=—jw
19 ‘

w=+0 - w=0"

mirrored of (1) w.r.t. Re — axis
|:> and change arrow direction

* Example 2 -4
1

Thus,
Z=N+P
=04+0=0

E> stable

(1) K dosen't matter

2
2) IL(s)

— Nt

Note: Routh-Hurwitz & Root locus methods

L(s) = GH(s) = K>0 RL 4

s(zs + 1)
R.H.

\Z.

ts?+s+K=0 43 K

Stable aslongas K > 0
M 20 8 ‘

v




* Example 3 -1

o GH(s) =

K
s(t1s+1)(Ts+1)

K>0,74 >0,7, >0

(1) 2 ) (4)
w: 00 50t 5 0 > —0 » 0

—

infinite half cycle W

MNMw=0 > w=0"

_ ojp . )P =—90° = 90° ccw
s=re { 50 5

L = lel? =i - - - ~ |
(s) = le €20 eel?(t,ee/? + 1)(1,ee/? + 1) €20

K K
(eef¢

e->0 \ €

| - o

{9 =90° - —-90° cw ) = lim (5) e~ J

P.S. an infinite half circle

)

21

conjugate (symmetry w.r.t. Re — axis)

o

* Example 3 -2

2)w=0" > w =40
~K(ty + ) — K (D)1~ wtyTy)

1+ w2(t? +12) + w*tits

GH(jw) =

1
, , . K—(1- w?T{T,)
when w? = —, =p= =
1172 ~

across Re — axis at

—K (71 +713)

1+ w2(t2 4+ 12) + wity T,

R=u
1

2
we=——
7172

22

—K147,

T+ 7Ty

o




™  Example 3-3
!

B)w=+4+0 - w=-—00
o oid . [9=90° 5 -90° cw )
N . 7 — OO

. K
L(s) = 1e/? = i : . :
(s) =le rl—>rgo rel®(t,re/? + 1)(t,re/® + 1)

|l J v

J

s=rej¢

~1,rel? ~T,rel?
K

e_j3¢
T, T,13

~ lim

T—00

6 = —270° - +270° ccw j
[-0

4)w=—-00 - w=0"

mirrored of (1) w.r.t. Re — axis and change arrow direction

-5

* Example 3 -4
1

ThUS, . f":’
@ 1T
~ KT/ 7 I‘ «'\
1°2 | \
T+ T | \ L(s)-plane
| . \
\\__'}_‘_ w=+ } o
-1 (3) ;‘
4 F /f
(2) g
ey i
—KT]_TZ
when ——=> —1, N =0, Z=N+P=0+4+0=0 stable
T1+T2
T1+7T
K 1 2
7177
—K147,
when <-1,N =2, Z =2+ 0 = 2unstable
T1 T 12

“2 RHP poles”

P




* Example 3 -5

Note: Routh-Hurwitz & Root locus methods
K
s(tys+ (15 + 1)

GH(s) =

R.H. RL.

717,83 + (1 + 12)s2+s+ K =0
OK>0
@ (11 + 1) > 111K

T1+T2
LK <Dt

117>

* Example 4 -1

R _Tl\ 'kl > s _ 1
k,

“ | =

o k, =0, without derivative feedback

kq
s(s—1)

GH(s) =

P=1,
stable system (Z =0): N=—-P = -1

v

A(s) =s? —s+ky

v

-5




* Example 4 -2

(1) 2 Q) (4)
ﬁ

w: 00 -0t 5 0 5 —o0 0~

)

infinite half cycle \MW

conjugate (symmetry w.r.t. Re — axis)

MNMw=0 > w=0"
s=rel?: {(p:_goo - 90° ccw 3

r=e-0
. k k k .
= 1eJ9 = I 1 ~ li L) = im [ =X ) i (-180-9)
L(s) =le ll—r}(l) eel?(eel? — 1) E—I}(l) <—eef¢> ‘lsl—r}(l) ( € ) ¢

{9 = —90° —» —270° cw)

| -

P.S. an infinite half circle
27 k ‘

* Example 4 -3
1

(2)w=0" > 0=+

k —kyw?T + jkiw
GH(jw) = —— 2L =1 J
jo(jw —1) wt? + w?
B)w=40 - w=-
o= it . [®=90° > —90° cw
N . T — OO
| ky K| .
L(s) = le/? = |lim — , = ~ lim |—| e /29
roorel?(re/® — 1) cepgip TORIT
~rel®
6 = —-180° - +180° ccw
[-0
(4)(1)2—00 - w=0

mirrored of (1) w.r.t. Re — axis and change arrow direction
28 ‘




y

Example 4 - 4

Thus,

=0 e}
- u(3)
| —00
|GM | LGM
k1
jo~ o) —90°
jot 0o 90°
j 1 135°
V2 ~N=17=2, unstable
+joo 0 180°
—joo 0

—180°
29 8

Example 4 -5

Y

a Wlth kz

ki(1+ kys)

GH(s) = SG-D)

(1)(1):0_—) (,():0+

_ it . JO=—90° = 90° ccw
s=re { o 3

. ki(1+ kyeel® k e\
L(s) = le/? = lim 1(. E ) ~ lim L) = lim [ =X) ei(-180-¢)
e>0eelP(ee/? —1) e-0

{9 — _90° - —270° cw)

|l - oo




* Example 4 -6
|

(2w =0" > w=+4w

kl(l + kzj(l)) . kl(a)z + (l)zkz) +]((l) - k2w3)k1

GH(jw) = —w? — jw w? + w? w? + w*

w—k,w3 =0 across Re — axis

_ kl(w2+w2k2) _
u|w2=é = _Wlw%é = —kik;
Bw=40 - w=-x

s =rel?: ¢ =90° - —-90° cw

- ) T — OO

. ki(1+ k,rel® ki k .
L(s) = le/? = |lim 1(. 2 ): li 172) p-id
rowrel?(re/® — 1) ot T T

{9 = —90° > +90° ccw

[->0
31 .

* Example 4 -7
1

4)w=—-00 - w=0"

mirrored of (1) w.r.t. Re — axis and change arrow direction
w=0"

Thus,

when k ik, > 1 o =0"

[k (s) encircles — 1 once in ccw direction AGs) = 52— 5 + kekys + ky

N = -1, Z=N+P=-1+1=0, =5+ (kyks —Ds+k; =0

stable kik, —1>0 ki >0
32 -




* Gain Margin and Phase Margin -1
|

o Gain margin

+ The increase in the system gain when

phase = —180° that will resultin a

marginally stable system with intersection

of the —1 + jO point on the Nyquist

diagram u

G.M.2 20log|1| — 20log|L(w)|y=0

1
= 20log oo, 9B

G.M.=0— Gyg|y—o dB @ O©

* Gain Margin and Phase Margin -2
1

o Phase margin

+ The amount of phase shift of the L(jw) at

unity magnitude that will result in a

marginally stable system with intersection

of the —1 + j0 point on the Nyquist

diagram

P.M.= ¢py = 2 L(w) — (—180°)




‘ Gain Margin and Phase Margin -3
|
o Bode plot

+ Gain / phase crossover & gain / phase margin are more easily

determined (on the Bode plot than on the Nyquist plot)
20

[~

-‘"“---..__ _Asymptotic curve
== . Gain crossover
20 log|L( jw)|, dB 0 Aetual-eurve

|

I

|

—20 |

|

1

|

|

I

—90 ll

|

d(w), deg Phase margin
—180
—270
0.1 0.5 |

‘ Gain Margin and Phase Margin -4
|
o Log-magnitude-phase plot

L
12 0.24
6
Phase .
ain crossover
[=2] Saiyal g’ JSE )
5 O AP
3 Giain )
= margin : oy
e i
s 6 1.0 1.25 /
12 1.4
hase crossover
-18
—24
—240 —210 — 180 —150 —120 —9() —6()

d(w), deg

36 h‘




* Gain Margin and Phase Margin -5

|
o Ex: A standard 2"d-order system

L(s) = GH(s) = —
5)= s _S(s+25wn)
] . w?
UL = 50 Guragam
2
|GH(wg)| =1= “n T
A wg(wf+4&2w3)?

Gain crossover

(wg) + 4¢%wi (wf) — wp =

AN
(F) +4g2 () = 1=0

n

(4€4+—1)2—-2€2

:N QN

P

* Gain Margin and Phase Margin -6

n

P.M.= ¢py = —90° — tan~1 (2?—5) — (=180
1

= tan~1(2¢ [—]2)
(4§4+1)2-2¢2

_ -1 2
= tan —

(o]

0.8

0.6

approximation:
f — 0.01¢PM f S 0.7 f:E_" 04 I,inc;r:11?::;.‘:)1'::tinn'—’\yff’
Adjust ¢pp, in frequency response is 92 ,//

EQUAL to adjust ¢ in time response 5 =

0° 10° 2r

G.M.— o




™ The OLTF.vs.Cl TF.-1
|

o Question: Can we obtain closed-loop frequency

response from the open-loop frequency response?
Assuming unity feedback H(jw) =1
G.G(jw) =u+ju

) N GG(jw) _ utjy jo(w)
Closed-loop T.F. T(jw) = == = o = M(w)e
1
GG (jw) u+jv (u?+v?)2
M(w) = = =
((D) |1+GCG(jw) |1+u+jU| [(1+u)2+U2]%
(1 —M*»u?+ (1 — M*»)v? — 2M?*u = M? /
[
2M?2 M2 |
u? +v% — Tz %=

I::> (u_l M2)2+ 2_(1 MZ)

A circle: center at (

™ TheOLTF.vs.CITF.-2
|

tan(qb(u))) = - v o 4ilmG

T utul+v? =11+

4 A
2 1\2 1 1 K ( /o
() (o) =20+

A circle: center at (—l —) radius - (1 + —)2 /\ 11 )

2° 2N /

3¢

\\ ﬂ/




™ TheO.LTF.vs.CLTF.-3
|

o Ex: A system with two different gains, K; & K,

Hopen-loop T.F.#polar plot® FF KM E 81 55 #8 X HIARRE |, A
LAHE4E H bk R R TE closed-loop & B frequency responseitk &

™ Nichols Chart -1
|

o Plotting magnitude and
phase of the closed-loop
system as contours on

the log-magnitude-phase

deci

diagram

Loop gain GG, in




Nichols Chart -2

. 0.64
D G(jw) =
0 Bx: 600) = oeen
H(jjw) =1
-1.0dB
(=05
_ o ” -3dB
P.M.= 30 :
; —-5dB
2
3 —6dB
C.l. 20logM,,,, = 9 dB : o
at w, = 0.9 g
G.G
Magnitude of m = —18dB
—18 \
-24
-210 — 180 —150 —120 —90 —60
Loop phase, £ (G_G), in degrees
43
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