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Introduction

 Roodmap
 Chapter 6 : Routh-Hurwitz Criterion

Check stability of the system by examining ∆(ݏ)
Introduce idea of relation stability

 Chapter 7 : Root Locus

Investigate loci of the system poles as the system parameter 

changes

 Chapter 8 : Polar plot & Bode plot

Introduce frequency response of the system

 This Chapter : 

Investigate stability of the system in the frequency domain
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Mapping Contours in the s-plane

 Real-number functions

 Contour map

 A contour or trajectory in one plane mapped or translated into 

another plane by a relation (ݏ)ܨ

3

ܨ ݏ ∶ ݏ → ߪ(ݏ)ܨ + ݆߱ ݑ + ݒ݆

0 1 2

,ݔ (ݔ)݂ ∈ ܴ
01 8

݂ ݔ ∶ ݔ → (ݔ)݂ ݔ
(ݔ)݂

ݔ (ݔ)݂
Ex: ݂ ݔ = ଷݔ
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Mapping Contours in the s-plane

 Example:

4

ܨ ݏ = ݏ2 + 1

݆߱
ߪ

ߪ + ݆߱ = ௝ఝ݁ݎ ݒ݆
ݑ

ݑ + ݒ݆ = ݈݁௝ఏ
ݑ + ݒ݆ = ܨ ݏ = ݏ2 + 1 = 2 ߪ + ݆߱ + 1= ߪ2 + 1 + ݆(2߱)

scaling shifting

N=Z-P=1-0=1

ܨ ݏ -planeݏ-plane
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Mapping Contours in the s-plane

 ܨ ݏ ∶ ݏ →  a conformal map, which retains ,	(ݏ)ܨ

the angles of the s-plane contour on the F(s) 

plane

 By convention, the area within a contour to the 

right of the traversal of the contour is considered 

to be the area enclosed by the contour

Clockwise : “＋”

5
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Mapping Contours in the s-plane

 Example:

6

ܨ ݏ = ݏݏ + 2

݆߱
ߪ

ݒ݆
Aݑ

BC

D
A

B
C

D

A CB D1 + ݆1 1 − ݆1 −1 − ݆1 −1 + ݆11 −݆1 −1 −݆14 + 2݆10 13 4 − 2݆10 1 − 2݆5 −݆ −1 +݆ 1 + 2݆5

N=Z-P=1-0=1

ܨ ݏ -planeݏ-plane
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Cauchy’s Theorem -1

 Suppose : (ݏ)ܨ = c.l. characteristic equ.

question : How to judge the stability of the closed-loop

system given the open-loop transfer function(ݏ)ܮ ?

answer : Cauchy’s Theorem & Nyquist Criterion

7

∆ ݏ = ܨ ݏ = 1 + (ݏ)ܮ
Note : in Chapter 7 課本符號不統一∆ ݏ = 1 + ܩܭ ݏ = 1 + (ݏ)ܨ
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Cauchy’s Theorem -2

 If a contour ߁௦ in the ݏ-plane

(1) encircles ܼ zeros and ܲ poles of ܨ ݏ , 

(2) does not pass through any poles or zeros of ܨ ݏ , and

(3) the traversal is in the clockwise direction along the 

contour,

the corresponding contour Γி in the ܨ ݏ -plane encircles the 

origin of the ܨ ݏ -plane ܰ = ܼ − ܲ times in the clockwise 

direction

8
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 Example: 

ܨ ݏ = ܨ ݏ ܨ∠ =ݏ ݏ + zଵ ݏ + zଶݏ + ଵ݌ ݏ + ଶ݌ ݏ)∠) + zଵ) + ݏ)∠ + zଶ) − ݏ)∠ + (ଵ݌ − ݏ)∠ + =((ଶ݌ ܨ ݏ (∠߶௭భ + ∠߶௭మ − ∠߶௣భ − ∠߶௣మ)

Cauchy’s Theorem -3

9

ܨ ݏ = ݏ + ଵݖ ݏ + ݏଶݖ + ଵ݌ ݏ + ଶ݌
plane-ݏ plane-(ݏ)ܨ

As ݏ traverses the contour Γ௦ (a full rotation)߶௭మ, ߶௣భ, ߶௣మ: ݄݁݃݊ܽܿ	݈݁݃݊ܽ	ݐ݁݊				 = 0߶௭భ: ݄݁݃݊ܽܿ	݈݁݃݊ܽ	ݐ݁݊																					 = 360°
If ܨ ݏ has ܼ zeros and ܲ poles, ߶௭ = (ܼ)ߨ2 ߶௣ = ߨ2 ܲ߶ி = ߶௓ − ߶௉⇒ 	ܰ = ܼ − ܲ
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Cauchy’s Theorem -4

 Examples:

10

ܰ = ܼ − ܲ = 3 − 1 = 2

ܰ = ܼ − ܲ = 0 − 1 = −1
ccw

ܨ ݏ -planeݏ-plane
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Nyquist Criterion -1

 Logic

11

ܶ ݏ = ⋯∆ ௦ : Closed-loop T.F.

ܮ ݏ = ே(௦)஽(௦): Loop T.F., known

poles of ܨ ݏ = poles of ܮ ݏ = roots of (ݏ)ܦ known
zeros of ܨ ݏ = poles of ܶ ݏ = roots of ܦ ݏ + (ݏ)ܰ unknown

Δ ݏ = ܨ ݏ = ݇∏ ݏ) + ∏௜)ே௜ୀଵݏ ݏ) + ௞)ெ௞ୀଵݏ = 1 + ܮ ݏ = 1 + (ݏ)ܦ(ݏ)ܰ = ܦ ݏ + (ݏ)ܦ(ݏ)ܰ

Determining stability of the system
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Nyquist Criterion -2

12

knowing ܰ by ߁ி’s encirclement of (0,0) in ܨ ݏ -plane
or ߁௅’s encirclement of (-1,0) in ܮ ݏ -plane

knowing ܲ by ܮ ݏ its poles

A stable c.l. system ⇒ all “poles” of ܶ ݏ in LHP⇒	 all “zeros” of ܨ ݏ in LHP

Choose a contour ߁௦ encloses the entire RHP in ݏ	-plane

Cauchy’s Theorem

⇒	Know ܼ zeros of ܨ ݏ in RHP⇒ Know ܼ poles of ܶ ݏ in RHP 

ܼ = ܰ + ܲ
ܨ ݏ = 1 + (ݏ)ܮ
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Nyquist Criterion -3

 A feedback system is stable if and only if the

contour ௅߁ in the ܮ ݏ -plane does NOT encircle the

(-1,0) point when the number of poles of ܮ ݏ in

the right-hand s-plane is zero (ܲ = 0)

 A feedback control system is stable if and only if,

for the contour ,௅߁ the number of counterclockwise

encirclement of the (-1,0) point is equal to the

number of poles of ܮ ݏ with positive real parts

13

ܼ = ܰ + ܲ = 0 + 0 = 0

ܼ = ܰ + ܲ = 0
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Example 1 -1

 ܮ ݏ = ܪܩ ݏ = ௄(ఛభ௦ାଵ)(ఛమ௦ାଵ) ܭ		 > 0

14

ଵ߬	݁݉ݑݏݏܣ = 1			߬ଶ = 1101 	߱ = 0		 → 		߱ = ܪܩ∞+ ݆߱ = ܪܩ ݏ ቚ௦ୀ௝ఠ= 10)ܭ10 − ߱ଶ)10 − ߱ଶ ଶ − 11߱ଶ ଶ + ݆ ܭ10− 11߱10 − ߱ଶ ଶ − 11߱ଶ ଶ 	

R YG

H

+
-

ܪܩ = ܭ10 110 − ߱ଶ ଶ + 11߱ଶ ଶ	 ߶ = − tanିଵ( 11߱10 − ߱ଶ)
Cross Im-axis at ݉ܫ|ఠୀ ଵ଴ = ܭ0.287	 when ߱ = 10

ߪ
݆߱

(1)

(2)(3)

ݎ → ∞

“4 quadrants”

Γ௦
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Example 1 -2

15

࣓ 0 1 ૚૙ 10 100 |ܪܩ|∞ 100 70.7 28.74 6.8 0.1 0߶ 0 -50.7 -90 -129.3 -173.7 -180

P.S. The “polar plot” in Chapter 82 	߱ = +∞		 → 		߱ = ݏ∞− = ୨థ݁ݎ ∶ 	 ቊ߶ = 90°	 → ݎݓܿ				90°− → ܮ∞ ݏ = ݈݁௝ఏ = lim௥→ஶܪܩ ݏ ௦ୀ௥௘ೕഝ = lim௥→ஶ ଶݎଵ߬ଶ߬ܭ ݁ି௝ଶథ
	ቊߠ = −180°	 → ݈ݓܿܿ				180°+ → 0

P. S. → 0 when the denominator has higher order than the numerator
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Example 1 -3

16

3 	߱ = −∞		 → 		߱ = ܪܩ0 ݏ ቚ௦ୀି௝ఠ = ܪܩ −݆߱ = ܪܩ	݂݋	݁ݐܽ݃ݑ݆݊݋ܿ	ݔ݈݁݌݉݋ܿ	 ݆߱߱ = +∞	 → 	߱ = 0ା݉݅݀݁ݎ݋ݎݎ	݂݋	 1 .ݓ	 .ݎ .ݐ 	ܴ݁ − ݊݋݅ݐܿ݁ݎ݅݀	ݓ݋ݎݎܽ	݄݁݃݊ܽܿ	݀݊ܽ	ݏ݅ݔܽ
ܮ ݏ :

ߪ
݆߱

(1)

(2)(3)

ݎ → ݏ∞ plane

ܭ ܼݎ݁ݐݐܽ݉	ݐᇱ݊݁ݏ݋݀		 = ܰ + ܲ = 0 + 0 = ,݈ܾ݁ܽݐݏ			0

Thus,

(1)

(2)

(3)

ܮ ݏ plane

Γ௦ Γ௅(௦)
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Example 2 -1

 ܮ ݏ = ܪܩ ݏ = ௄௦(ఛ௦ାଵ) ܭ				 > 0, 		߬ > 0

17

݊݅݃݅ݎ݋	ݐܽ	݈݁݋݌ → Γ௦	݊݁݁݀ݏ	ݎݑ݋ݐ݁݀
(1) ߱ = 0ି → 		߱ = 0ା

ܮ ݏ = ݈݁௝ఏ = limఢ→଴ (ݏ)ܪܩ ≈ limఢ→଴ ௝థ݁߳ܭ = limఢ→଴ ܭ߳ ݁ି௝థ
P.S. an infinite half circle

ݏ = ୨థ݁ݎ ∶ 	 ቊ߶ = −90°	 → ݎݓܿܿ				90° = ߳ → 0 

	ቊߠ = 90° → ݈ݓܿ			90°− → ∞ 

ߪ
݆߱ ݎ → ∞߳ → 0

(1)

(2)

(4) (3)Γ௦
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Example 2 -2
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R X߱ = 0 ߬ܭ− −∞߱ = 12 2߬ܭ− 2߬߱ܭ− = ∞ 0 0

(2)	߱ = 0ା 	→ 	߱ = +∞
The same as the “polar plot” example shown in Chap. 8 ܪܩ ݆߱ = ݆߬߱)݆߱ܭ + 1) = ଶ߬߱−ܭ + ݆߱ = ଶ߬߱ସ߬ଶ߱ܭ− + ߱ଶ + ସ߬ଶ߱ܭ݆߱− + ߱ଶ±߱ → ∞: symmetry w.r.t. Re-axis

ܪܩ = ସ߬ଶ߱ܭ + ߱ଶ ଵଶ߶ ߱ = − tanିଵ 1−߱߬ ݎ݋	 = 2ߨ− − tanିଵ ߱߬

ࡳ ࣘ߱ = 0 ∞ −90°߱ = 12 2߬ܭ −135°
߱ = ∞ 0 180°

“4 quadrants”
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Example 2 -3
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(3)	߱ = +∞		 → 		߱ = ݏ∞− = ୨థ݁ݎ ∶ 	 ቊ߶ = 90°	 → ݎݓܿ				90°− → ܮ∞ ݏ = ݈݁௝ఏ = lim௥→ஶܪܩ ݏ ௦ୀ௥௘ೕഝ = lim௥→ஶ ଶݎ߬ܭ ݁ି௝ଶథ
	ቊߠ = −180°	 → ݈ݓܿܿ				180°+ → 0

(4)	߱ = −∞		 → 		߱ = ܪܩ0ି ݏ ቚ௦ୀି௝ఠ = ܪܩ −݆߱ = ܪܩ	݂݋	݁ݐܽ݃ݑ݆݊݋ܿ	ݔ݈݁݌݉݋ܿ	 ݆߱߱ = +∞	 → 	߱ = 0ା݉݅݀݁ݎ݋ݎݎ	݂݋	 1 .ݓ	 .ݎ .ݐ 	ܴ݁ − ݄݁݃݊ܽܿ	݀݊ܽ	ݏ݅ݔܽ ݓ݋ݎݎܽ ݊݋݅ݐܿ݁ݎ݅݀
ܮ ݏ :
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Example 2 -4
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Thus,

߱ = −∞߱ = +∞
߱ = 0ି

߱ = 0ା
߱ = 12
−1 ݑ

ݒ݆ Z = N + P= 0 + 0 = 0
ߪ݈ܾ݁ܽݐݏݎ݁ݐݐܽ݉	ݐᇱ݊݁ݏ݋݀			ܭ

݆߱ ݎ → ∞߳ → 0
(1)

(2)

(4) (3)
(1)

(4)

(2)

(3)

Note: Routh-Hurwitz & Root locus methodsܮ ݏ = ܪܩ ݏ = ݏ߬)ݏܭ + 1) ܭ				 > 0 R.L.

ଶݏ߬ + ݏ + ܭ = 0
Stable as long as ܭ > 0

R.H.

Γ௦ Γ௅(௦)
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Example 3 -1

 ܪܩ ݏ = ௄௦(ఛభ௦ାଵ)(ఛమ௦ାଵ) ܭ			 > 0, ߬ଵ > 0, ߬ଶ > 0

21

ߪ
݆߱ ݎ → ∞߳ → 0

(1)

(2)

(4) (3)

߱:				0ି 	→ 0ା 	→ 	∞	 → 	−∞	 → 	0ି
݊݅݃݅ݎ݋	ݐܽ

.ݓ	ݕݎݐ݁݉݉ݕݏ)	݁ݐܽ݃ݑ݆݊݋ܿ .ݎ .ݐ 	ܴ݁ − (ݏ݅ݔܽ
݈݁ܿݕܿ	݂݈݄ܽ	݁ݐ݂݅݊݅݊݅

(1) (2) (3) (4)

(1) ߱ = 0ି → 		߱ = 0ା
ܮ ݏ = ݈݁௝ఏ = limఢ→଴ ௝థ(߬ଵ߳݁௝థ݁߳ܭ + 1)(߬ଶ߳݁௝థ + 1) ≈ limఢ→଴ ௝థ݁߳ܭ

P.S. an infinite half circle

ݏ = ୨థ݁ݎ ∶ 	 ቊ߶ = −90°	 → ݎݓܿܿ				90° = ߳ → 0 

	ቊߠ = 90° → −90°	 ݈ݓܿ → ∞ 
= limఢ→଴ ܭ߳ ݁ି௝థ
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Example 3 -2
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ܴ = ݑ = ܭ− ߬ଵ +߬ଶ1 + ߱ଶ ߬ଵଶ + ߬ଶଶ + ߱ସ߬ଵ߬ଶቤఠమୀ ଵఛభఛమ = ଵ߬ଶ߬ଵ߬ܭ− + ߬ଶ
ܴ݁	ݏݏ݋ݎܿܽ − 	ݐܽ	ݏ݅ݔܽ

(2)	߱ = 0ା 	→ 	߱ = ܪܩ∞+ ݆߱ = ܭ− ߬ଵ + ߬ଶ − 1)(1߱)ܭ݆ − ߱ଶ߬ଵ߬ଶ)1 + ߱ଶ ߬ଵଶ + ߬ଶଶ + ߱ସ߬ଵଶ߬ଶଶ
ଶ߱	݄݊݁ݓ = 1߬ଵ߬ଶ , ܺ = ݒ = ܭ 1߱ 1 − ߱ଶ߬ଵ߬ଶ~ = 0
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Example 3 -3
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(3)	߱ = +∞		 → 		߱ = ݏ∞− = ୨థ݁ݎ ∶ 	 ቊ߶ = 90°	 → ݎݓܿ				90°− → ܮ∞ ݏ = ݈݁௝ఏ = lim௥→ஶ ௝థ݁ݎ௝థ(߬ଵ݁ݎܭ + 1)(߬ଶ݁ݎ௝థ + 1) = ௦ୀ௥௘ೕഝ

	ቊߠ = −270°	 → ݈ݓܿܿ				270°+ → 0
≈ lim௥→ஶ ଷݎଵ߬ଶ߬ܭ ݁ି௝ଷథ~߬ଵ݁ݎ௝థ ~߬ଶ݁ݎ௝థ

(4)	߱ = −∞		 → 		߱ = 	݂݋	݀݁ݎ݋ݎݎ0ି݉݅ 1 .ݓ	 .ݎ .ݐ 	ܴ݁ − ݊݋݅ݐܿ݁ݎ݅݀	ݓ݋ݎݎܽ	݄݁݃݊ܽܿ	݀݊ܽ	ݏ݅ݔܽ
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Example 3 -4

24

Thus,

ߪ
݆߱ ݎ → ∞߳ → 0

(1)

(2)

(4) (3)

(1)

(2)

(4)

(3)

	݄݊݁ݓ ି௄ఛభఛమఛభାఛమ > −1, ܰ = 0, 										ܼ = ܰ + ܲ = 0 + 0 = ݈ܾ݁ܽݐݏ			0
ଵ߬ଶ߬ଵ߬ܭ−	݄݊݁ݓ + ߬ଶ < −1,ܰ = 2, 	ܼ = 2 + 0 = ݈ܾ݁ܽݐݏ݊ݑ	2

“2 RHP poles”

ܭ < ߬ଵ + ߬ଶ߬ଵ߬ଶ

Γ௦ Γ௅(௦)
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Example 3 -5
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Note: Routh-Hurwitz & Root locus methodsܪܩ ݏ = ݏଵ߬)ݏܭ + 1)(߬ଶݏ + 1)
R.L.R.H.߬ଵ߬ଶݏଷ + ߬ଵ + ߬ଶ ଶݏ + ݏ + ܭ = 0

ܭ	① > 0
② (߬ଵ + ߬ଶ) > ߬ଵ߬ଶܭ→ ܭ < ఛభାఛమఛభఛమ
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Example 4 -1



 ݇ଶ = 0, ܾ݂݇ܿܽ݀݁݁	݁ݒ݅ݐܽݒ݅ݎ݁݀	ݐݑ݋݄ݐ݅ݓ	

26

݇ଶ
ݏ1 − 1 ܻ-

݇ଵ+-ܴ ݏ1

ܪܩ ݏ = ݇ଵݏ)ݏ − 1)
Δ ݏ = ଶݏ − ݏ + ݇ଵ

R.L.

ܲ = ܼ)	݉݁ݐݏݕݏ	݈ܾ݁ܽݐݏ	,1 = 0): 	ܰ = −ܲ = −1
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Example 4 -2
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݆߱
ݎߪ → ∞߳ → 0

(1)

(2)

(4) (3)

߱:				0ି 	→ 0ା 	→ 	∞	 → 	−∞	 → 	0ି
݊݅݃݅ݎ݋	ݐܽ

.ݓ	ݕݎݐ݁݉݉ݕݏ)	݁ݐܽ݃ݑ݆݊݋ܿ .ݎ .ݐ 	ܴ݁ − (ݏ݅ݔܽ
݈݁ܿݕܿ	݂݈݄ܽ	݁ݐ݂݅݊݅݊݅

(1) (2) (3) (4)

(1) ߱ = 0ି → 		߱ = 0ା
ܮ ݏ = ݈݁௝ఏ = limఢ→଴ ݇ଵ߳݁௝థ(߳݁௝థ − 1) ≈ limఢ→଴ ݇ଵ−߳݁௝థ = limఢ→଴ ݇ଵ߳ ݁௝(ିଵ଼଴ିథ)

P.S. an infinite half circle

ݏ = ୨థ݁ݎ ∶ 	 ቊ߶ = −90°	 → ݎݓܿܿ				90° = ߳ → 0 

	ቊߠ = −90° → ݈ݓܿ			270°− → ∞ 
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Example 4 -3
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(2)	߱ = 0ା 	→ 	߱ = ܪܩ∞+ ݆߱ = ݇ଵ݆߱(݆߱ − 1) = −݇ଵ߱ଶ߬ + ݆݇ଵ߱߱ସ߬ଶ + ߱ଶ
(3)	߱ = +∞		 → 		߱ = ݏ∞− = ୨థ݁ݎ ∶ 	 ቊ߶ = 90°	 → ݎݓܿ				90°− → ܮ∞ ݏ = ݈݁௝ఏ = lim௥→ஶ ݇ଵ݁ݎ௝థ(݁ݎ௝థ − 1) = ௦ୀ௥௘ೕഝ ≈ lim௥→ஶ ଶݎܭ ݁ି௝ଶథ

	ቊߠ = −180°	 → ݈ݓܿܿ				180°+ → ݁ݎ~0
௝థ

(4)	߱ = −∞		 → 		߱ = 	݂݋	݀݁ݎ݋ݎݎ0ି݉݅ 1 .ݓ .ݎ .ݐ ܴ݁ − ݏ݅ݔܽ ݓ݋ݎݎܽ	݄݁݃݊ܽܿ	݀݊ܽ ݊݋݅ݐܿ݁ݎ݅݀
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Example 4 - 4
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−1

߱ = 0ି

߱ = 0ା

߱ = −∞߱ = ݑ∞

ݒ݆

ଵܯ݇ܩ ܯܩ∠
݆0ି ∞ −90௢݆0ା ∞ 90௢݆ 12 135௢
+݆∞ 0 180௢−݆∞ 0 −180௢

Thus,

ݎߪ → ∞߳ → 0
(1)

(2)

(4) (3)Γ௦
Γ௅(௦)

(1) (2)

(3)

(4)

∴ ܰ = 1		ܼ = 2, ݈ܾ݁ܽݐݏ݊ݑ
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Example 4 -5

 ଶ݇	݄ݐ݅ݓ

30

ܪܩ ݏ = ݇ଵ(1 + ݇ଶݏ)ݏ(ݏ − 1) ݎߪ → ∞߳ → 0
(1)

(2)

(4) (3)

(1) ߱ = 0ି → 		߱ = 0ା
ܮ ݏ = ݈݁௝ఏ = limఢ→଴ ݇ଵ(1 + ݇ଶ߳݁௝థ)߳݁௝థ(߳݁௝థ − 1) ≈ limఢ→଴ ݇ଵ−߳݁௝థ = limఢ→଴ ݇ଵ߳ ݁௝(ିଵ଼଴ିథ)
ݏ = ୨థ݁ݎ ∶ 	 ቊ߶ = −90°	 → ݎݓܿܿ				90° = ߳ → 0 

	ቊߠ = −90° → ݈ݓܿ			270°− → ∞ 
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Example 4 -6
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(2)	߱ = 0ା 	→ 	߱ = +∞
߱ − ݇ଶ߱ଷ = ܴ݁	ݏݏ݋ݎܿܽ			0 − ܪܩݏ݅ݔܽ ݆߱ = ݇ଵ(1 + ݇ଶ݆߱)−߱ଶ − ݆߱ = −݇ଵ ߱ଶ + ߱ଶ݇ଶ߱ଶ + ߱ସ + ݆ ߱ − ݇ଶ߱ଷ ݇ଵ߱ଶ + ߱ସ
ఠమୀ|ݑ భೖమ = − ௞భ ఠమାఠమ௞మఠమାఠర |ఠమୀ భೖమ = −݇ଵ݇ଶ

(3)	߱ = +∞		 → 		߱ = ݏ∞− = ୨థ݁ݎ ∶ 	 ቊ߶ = 90°	 → ݎݓܿ				90°− → ܮ∞ ݏ = ݈݁௝ఏ = lim௥→ஶ݇ଵ(1 + ݇ଶ݁ݎ௝థ)݁ݎ௝థ(݁ݎ௝థ − 1) = ௦ୀ௥௘ೕഝ ≈ lim௥→ஶ ݇ଵ݇ଶݎ ݁ି௝థ
	ቊߠ = −90°	 → ݈ݓܿܿ				90°+ → 0
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Example 4 -7
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ଵ݇ଶ݇	݄݊݁ݓ > 1Γி(௦)	݁݊ܿ݅ݏ݈݁ܿݎ	 − ݊݋݅ݐܿ݁ݎ݅݀	ݓܿܿ	݊݅	݁ܿ݊݋	1

(4)	߱ = −∞		 → 		߱ = 	݂݋	݀݁ݎ݋ݎݎ0ି݉݅ 1 .ݓ	 .ݎ .ݐ 	ܴ݁ − ݊݋݅ݐܿ݁ݎ݅݀	ݓ݋ݎݎܽ	݄݁݃݊ܽܿ	݀݊ܽ	ݏ݅ݔܽ

ܰ = −1, ܼ = ܰ + ܲ = −1 + 1 = ݈ܾ݁ܽݐݏ	,0

ݎߪ → ∞߳ → 0
(1)

(2)

(4) (3)Γ௦

Thus,

−1

߱ = 0ି

߱ = 0ା

߱ = −∞߱ = ݑ∞
ݒ݆

−݇ଵ݇ଶ

Γ௅(௦)
(1)

(2)

(3)

(4)

Δ ݏ = ଶݏ − ݏ + ݇ଵ݇ଶݏ + ݇ଵ= ଶݏ + ݇ଵ݇ଶ − 1 ݏ + ݇ଵ = 0݇ଵ݇ଶ − 1 > 0 ݇ଵ > 0
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Gain Margin and Phase Margin -1

 Gain margin

 The increase in the system gain when 

phase = −180° that will result in a 

marginally stable system with intersection 

of the −1 + j0 point on the Nyquist 

diagram

33

ݑ
ݒ݆

−1

①②

③
④

<.ܯ.ܩ =.ܯ.ܩ0 >.ܯ.ܩ0 0

.ܯ.ܩ

≜.ܯ.ܩ 20 ݃݋݈ 1 − 20 ݃݋݈ ܮ ߱ ௩ୀ଴= 20 ݃݋݈ ଵ|௅(ఠ)|ೡసబ =.ܯ.ܩܤ݀		 0 − ܤ݀	ௗ஻|௩ୀ଴ܩ
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Gain Margin and Phase Margin -2

 Phase margin

 The amount of phase shift of the ܮ ݆߱ at 

unity magnitude that will result in a 

marginally stable system with intersection 

of the −1 + j0 point on the Nyquist 

diagram

34

ݑ
ݒ݆

−1

①②

③
④

<.ܯ.ܲ =.ܯ.0ܲ >.ܯ.0ܲ 0

=.ܯ.ܲ.ܯ.ܲ ߶௉ெ = (߱)ܮ	∠ − (−180଴)
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Gain crossover

Phase 
crossover

Gain Margin and Phase Margin -3

 Bode plot

 Gain / phase crossover & gain / phase margin are more easily 

determined (on the Bode plot than on the Nyquist plot)

35
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Gain Margin and Phase Margin -4

 Log-magnitude-phase plot

36

Gain crossover

Phase crossover
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Gain Margin and Phase Margin -5

 Ex: A standard 2nd-order system 

37

ܮ ݏ = ܪܩ ݏ = ߱௡ଶݏ)ݏ + (௡߱ߦ2

௚߱ଶ ଶ + ଶ߱௡ଶߦ4 ௚߱ଶ − ߱௡ସ = 0
ܪܩ ௚߱ = 1 = ఠ೙మఠ೒ ఠ೒మାସకమఠ೙మ భమ

ఠ೒మఠ೙మ = ସߦ4 + 1 భమ − ଶߦ2

ܪܩ ݆߱ = ఠ೙మ௝ఠ(௝ఠାଶకఠ೙)

ఠ೒మఠ೙మ
ଶ + ଶߦ4 ఠ೒మఠ೙మ − 1 = 0

Gain crossover
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Gain Margin and Phase Margin -6
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=.ܯ.ܲ ߶௉ெ = −90଴ − tanିଵ ఠ೒ଶకఠ೙ − −180଴= tanିଵ(2ߦ ଵସకరାଵ భమିଶకమ
భమ)

= tanିଵ ଶ
ସା భ഍మ భమିଶ భమ

ߦ	:݊݋݅ݐܽ݉݅ݔ݋ݎ݌݌ܽ = 0.01߶௉ெ							ߦ ≤ 0.7
Adjust ߶௉ெ in frequency response is 
EQUAL to adjust 	ߦ in time responseܯ.ܩ.→ ∞
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The O.l. T.F. vs. C.l. T.F. -1

 Question: Can we obtain closed-loop frequency 

response from the open-loop frequency response?

39

Closed-loop T.F. ܶ ݆ω = ீ೎ீ(௝ன)ଵାீ೎ீ(௝ன) = ௨ା௝௩ଵା௨ ା௝௩ = ܯ ω ݁௝∅ ఠܩ௖ܩ ݆ω = u + jυ
ܯ ω = ீ೎ீ ௝ఠଵାீ೎ீ ௝ఠ = ௨ା௝஥ଵା௨ା௝஥ = (௨మା஥మ)భమ[ ଵା௨ మା஥మ]భమ

Assuming unity feedback ܪ ݆ω = 1

1 ଶܯ− ଶݑ + 1 ଶܯ− υଶ − ݑଶܯ2 = ଶܯ
ଶݑ + υଶ − ଶெమଵିெమ ݑ = ெమଵିெమ(ݑ − ெమଵିெమ)ଶ+υଶ = ( ெଵିெమ)ଶ

A circle: center at ( ெమଵିெమ , 0) , radius | ெଵିெమ |

自動控制 ME3007-01 Chap 9 - 林沛群

The O.l. T.F. vs. C.l. T.F. -2

40

tan ߶ ω = ܰ = ௩௨ା௨మା௩మݑଶ + ଶݒ + ݑ − ௩ே = 0		
ݑ + ଵଶ ଶ + ݒ − ଵଶே ଶ = ଵସ 1 + ଵேమ

A circle: center at −ଵଶ , ଵଶே , radius ଵଶ (1 + ଵேమ)భమ
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The O.l. T.F. vs. C.l. T.F. -3

 Ex: A system with two different gains, ܭଵ ଶܭ &

41

由open-loop T.F.的polar plot軌跡和M圓軌跡相交的狀態，可
以推估出此系統在closed-loop後的frequency response狀態
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Nichols Chart -1

 Plotting magnitude and 

phase of the closed-loop 

system as contours on 

the log-magnitude-phase 

diagram

42
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Nichols Chart -2

 Ex: 

43

ܩ ݆߱ = ଴.଺ସ௝ఠ ௝ఠ మା௝ఠାଵ ܪ		 ݆߱ = 1
ߞ = =.ܯ.0.5ܲ 30°
C.l. 20logܯ௣ఠ = ܤ݀	9
at ߱௥ = 0.9


