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Chap 3 State Variable Models
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* Background
|
o Classic control theory — transfer function approach

+ For linear-time-invariant (LTI) and single-input-single-output

(SISO) systems

Differential equations L  Algebraic equations L1 Solution
(time domain) — (s domain) = (time domain)
o Modern control theory — state-space approach

+ Deal with differential equations directly
+ Can be utilized for time-variant, nonlinear, and multiple-input-

multiple-output (MIMO) systems
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* Five Representations of a System -1
|
> 11SMD system % |
: = y(?)
input = u k
output =y I\/—\I/SC m_ | w0

C

o (1) Differential equation my+cy+ky=u

o (2) Transfer function G(s) = V(s) - 1
U(s) ms?+cs+k
notel.C.s =0
o (3) Impulse response Y(s) = G(s)U(s) =

u(®) = 55 u(s) = 1

ms?2+cs+k

o

* Five Representations of a System -2
1

o (4) State-space

output =y = x,

Yy =X = X1

I
| | Note:
I I
i [xl I :[xl] +! :u A 31d-order system
dt X2 - : X2 - : | 1xd 2 inputs
-] L~ 2 outputs
A 2x2 B 2x1
Fe===iX1]  r=a
y =1 0]'[ ] + 1[0]u x: 3x1
IR Gy %8 NS iy TS u: 2x1
C 1x2 D 1x1
y: 2x1
|:> x =Ax + Bu [A_J_l_}] A: 3x3 [A ! B]
y=Cx+Du  CID 3¢ oDl
C: 2x3
D: 2x2 4 \




* Five Representations of a System -3
1

o (5) Signal-flow graph

Yy =X .
}7 —x, = x,l ()] lef..equ.
(4) State-space 0/ \ (2) TF
\ M 's Formula
(%2) 1 (x2) (1) 1 (1) (5) SFG  (3) L.R.

- X2 1 . X1 1
o—3% W - o5 ooy
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* Five Representations of a System -4

> 1 RLC circuit & i)

aid Y
. 3 ” : :
Rt T S
o (1) Differential equation
i.=C ddic =u(t)—i, e (1)
L% =v,—i ;R e (2)
v, =R e (3)




‘ Five Representations of a System -5

o (2) State-space

wu(r)
Current
source

Set X1 =V, Xp = iL r
dv
~=u(t) — i [ 17
dt 0 —— 1
d x1 C xl —
[ [x]_1 R[x]"'Cu
dt c L dt 2 Looon 2 0
Vo = LR . L;Cl N EY
y=1[0 R] [X ] BETFEstate , B
. 2 ~[E /Y (A,B,C,D)H
2 (3) Signal-flow graph S
. . H i
L@ 1 @ ) g IT_—RT_;\jg‘;Er_fU%‘;%"”*”
C s X1 ] s X2 R

ol

‘ Five Representations of a System -6

|
o (4) Transfer function

From (1) u(t) =i, +i, =C

dv,

dt
=C— (L L lLR) + i

+ i
(2)

)

= ?UO + Cv, + 3
1
= (= T
?S ST—
o (5) Impulse response R
LC

u(r)
Current
source

{5SMD example
state RS HH ZSFG

Uuo
Vo=GU =G




* Solving Differential equations -1
|

o Single variable

X =ax+ bu —L—> sX(s) —x(0) = aX(s) + bU(s)

0 b
X(s) =:(_zl+s_aU(s)

e
t

x(t) = e%x(0) +f et Dpu(r)dr
0

Note: L7H[F(s)G(s)] = f(t) * g(t)

* Solving Differential equations -2
1

o Multiple variables

g;cxl=né7ncxl+nxlz}nlxl—ﬁ-> sX(s) —x(0) = AX(s) + BU(s)
(sl —A)X(s) = x(0) + BU(s)

X(s)=(sI —A)1x(0) + (s — A)~1BU(s)
= O(s5)x(0) + ©(s)BU(s)

e
State transition matrix t
x(t) = D(0)x(0) + j O(t — 1)Bu(r)dr

D(t) == d(s)
L1 0
[ [ t
e At (sl — A)1 = e4tx(0) +f eAt-DBy(t)dr
0

2 t3

t
2 _ 3 _ 4.
I+ At+ A 2!+A 3!+
10 :




* State-space to Transfer Function -1
i
a

x =Ax + Bu
y — CX + Du (1) Diff. equ.
HE—EAaR (4) State-space ® — o (2 TF.

X(s) = (sl =A)'BU(S) poter.cs =0
Y(s) =CX(s) + DU(s)
= C(sI — A)~'BU(s) + DU(s)
=[C(sI —A)™1B + D]U(s)
= G(s)U(s)

(5) SFG  (3) I.R.

m) G(s)=C(sI—A)B+D

.o

* State-space to Transfer Function -2
1
o Revisit the RLC circuit

1
0 —— 1
_ C _ ) _Ja b
A 1 R B:gl Note.M—[C d
L L 1 .
_ B M-l = [d b]
C=1[0 R] D=0 ad —bcl—c «a
1 MM~1 =
S c
sl — A= 1 +R
L
P(s)=(sI—A) 1= 7 | 1
Z+Fs+7= =
S Iicl 7 S

1

¢ s B4R

— L
C] - R 1
2 _ —_
12 L

G(s) =[0 R]P(s)




* Evaluation of the State Transition Matrix -1
|

o Reuvisit the RLC circuit

1 0 —2
R=3L=1C=3 .-.A=[1 _3]
1 s+3 -2
®(s) = (s = A)™ = "G+ DG +2) s]
(s+3) 2 —1

11:(s+1)(s+2)_s+1+s+2

frIZ¥ H Dy Pyy Py

q)(t) — £_1[CD(S)] — Ze_t - €_2t —Ze_t + 29_2t

e—t

* Evaluation of the State Transition Matrix -2
!

o Reuvisit the RLC circuit

Another method: eigen decomposition

| 2 1 2 1
Aigin\]//e/c\:tors [0 _2] — ﬁ _ ﬁ ﬁ] [_1
eigenvalues 1 1 1 0
vs vzl 5 v2
A=VAV~1
_VeAtV—l

1 | R ey
“t_e72t et 4 2e7%

_ [Ze
—e™ —eTt42e7%

—t ] MBI Ep1345 RAEE
e

0
—2

|
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* Transfer Function to State-space -1
i

o Ex: G(s) =

b3s3 + b,s? + bys + by
s* +azs3 +a,s? +a;s+ag
b3s® + bys® +bys+by  Z(s)  Y(s)
TSt ass3 +a,s2 +a;s+agZ(s)  U(s)

Y(s) = (b3s® + bys? + bys + by)Z(s)
y(t) = b32(3) + sz + b1Z + b()Z

U(S) = (54 + a353 + Clez + a;s + ao)Z(S) 1) Diff..equ.
(4) State-space ®<— e (2) TF

Assign x; =z
Xy = zZ = X:l

X322=X:2

Xy = 7(4) = X3 (5) SFG  (3) I.R.
15 b

* Transfer Function to State-space -2

a X1 0 1 0 0 X1 0
alel 1o o 1 o ||| o
aclxs| = | 0 0 0 1 ||xs|Flo|¥

X4 —0g —ap —ap —az][Xs] |1
X1
X
y=1[bo by by bs] xi
X4

Phase variable canonical form

(controllable)
bs




! Transfer Function to State-space -3

= X1 —as 1 0 0][x1] [P3
dl|xz| _|-a, 0 1 o]|x2]|, [Pz
at|x3| ~ |-a; 0 0 1 x3+b1u

X4 —ap 0 0 01l*4] Lb,

X1

X

y=[1 0 00]x§

X4

Input forward canonical form
(observable)
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o Questions?
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